LEFT-ORDERABLE FUNDAMENTAL GROUP AND DEHN 
SURGERY ON GENUS ONE TWO-BRIDGE KNOTS 



RYOTO HAKAMATA AND MASAKAZU TERAGAITO 

Abstract. For any hyperbolic genus one 2-bridge knot in the 3-sphere, we 
show that the resulting manifold by r-surgery on the knot has left-orderable 
fundamental group if the slope r lies in some range which depends on the knot. 



1. Introduction 

A non-trivial group G is said to be left-orderable if it admits a strict total or- 
dering which is invariant under left-multiplication. Thus, if g < h then fg < fh 
for any /, g, h € G. Many fundamental groups of 3-manifolds are known to be left- 
orderable. For examples, all knot and link groups are left-orderable. Boyer, Gordon 
and Watson [3] propose a conjecture that an irreducible rational homology 3-sphere 
Y is an L-space if and only if n{Y is not left-orderable. An L-space is a rational 
homology 3-sphere whose Heegaard-Floer homology HF(Y) has rank |ifi(Y";Z)| 
f[16j). Recently, L-spaces become the object of interest, and it is an open prob- 
lem to characterize L-spaces without mentioning Heegaard-Floer homology. The 
affirmative answer to the above conjecture will give an algebraic characterization 
of L-spaces. 

On the other hand, irreducible rational homology spheres are obtained by Dchn 
surgery on knots in the 3-sphere S 3 , in plenty. For a knot K, we call a slope r 
left-orderable if the resulting manifold K(r) by r-surgery on K has left-orderable 
fundamental group. In this paper, a slope is sometimes identified with its parameter 
in Q U {1/0}. In particular, the meridional slope corresponds to 1/0. It is known 
that any hyperbolic 2-bridge knot does not admit Dehn surgery yielding an L-space 
f[16j). Hence any slope but 1/0 is expected to be left-orderable for a hyperbolic 
2-bridge knot, if we support the above conjecture. In this direction, Boyer, Gordon 
and Watson [3] proved that for the figure-eight knot, if r € (—4,4), then r is 
left-orderable. Later, Clay, Lidman and Watson [5] showed r = ±4 are also left- 
orderable. These results were extended to all hyperbolic twist knots [TOl [TTl fT9] . 
Also, Tran [20] further extended the range of left-orderable slopes for twist knots. 
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The purpose of this paper is to give new ranges of left-orderable slopes for all 
hyperbolic genus one, 2-bridge knots. As a by-product, we obtain a wider range of 
left-orderable slopes for (positive) twist knots than that in [llj . 

For non-zero integers to and n, let K(m, n) be the 2-bridge knot S(Amn + 1, 2m) 
in Schubert's normal form as illustrated in Figure [1] In Figure [IJ the twists in the 
vertical box are left-handed (resp. right-handed) if to > (resp. to < 0), but those 
in the horizontal box are right-handed (resp. left-handed) if n > (resp. n < 0). 
Thus K(l,— 1) is the trefoil, and K(l,l) is the figure-eight knot. By symmetry, 
K(m,n) and K(—n,—m) are isotopic. Except the trefoil, K[m,n) is hyperbolic. 
It is also well known that any genus one 2-bridge knot is equivalent to K(m, n) for 
some to, n (see [5]). 






n -full twists 












Figure 1. The knot K(m,n) 

Theorem 1.1. Let K = K[m,n) be a hyperbolic genus one 2-bridge knot S(Amn + 
1, 2m) in the 3-sphere S 3 as illustrated in Figured Let L be the interval defined by 

(— An, Am) if m > and n > 0, 

(Am, —An) if to < and n < 0, 

[0, max{4TO, — An}) if to > and n < 0, 
(min{4TO, — An}, 0] if to < and n > 0. 
TTien any slope in I is left-orderable. That is, ni(K(r)) is left-orderable. 

We remark that K(l, —1) and K(—l, 1) are trefoils, so they are excluded in the 
statement here. 

In a previous paper [llj . we showed that any hyperbolic twist knot K(l, n) (n ^ 
— 1) admits a range [0,4] of left-orderable slopes. Theorem 11.11 gives a partial 
improvement of this result. 

Corollary 1.2. Let K — K(l,n) be a hyperbolic n-twist knot for n > 0. If I = 

(— An, A], then any slope in I is left-orderable. 
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This range of Corollary [T72] coincides with that in [20]. Also, Tran informed us 
that he obtained a similar result to Theorem ll.il We would like to thank Anh T. 
Tran for informing his result. 

2. Knot groups and Two sequences of polynomials 

Let K — K(m, n) and let G = iri(S 3 — K) be its knot group. We always assume 
that m ^ and n^O, unless specified otherwise. 

Proposition 2.1. The knot group G admits a presentation 

G={x,y\ w n x = yw n ), 

where x andy are meridians andw = (xy ) m (x y) m . Furthermore, the longitude 
C is given as C = w™w n , where = {yx~ l ) m {y^ 1 x) m is obtained from w by 
reversing the order of letters. 

This is slightly different from that in ! 1 3 s Proposition 1], but both are isomorphic. 

Proof. We use a surgery diagram of K as illustrated in Figure [5J where 1/m— 
surgery and — 1/n-surgery are performed along the second and third components, 
respectively. Let fii and Aj be the meridian and longitude of the ith component. 




Figure 2. A surgery diagram of K 

First, y = fa X[i3, z — /i 2 " 1 y^2, A2 = x~ x y and A3 = yz~ x . By 1/m-surgery 
on the second component yields a relation A™/i2 = 1, so fj,2 = A^ m . Similarly, 
— 1/n-surgery on the third component gives fi^ — A3. Thus 

A 3 = y^ 1 y- 1 fi 2 = yX^y-% m 

= y{x- 1 y) m y- 1 {y- 1 x) m = (y X - l ) m {y- 1 x) m . 

Then the relation y = fi^xfis gives 

(2.1) y[{ X - x y)™{xy- x TT = [{x^yY^xy^rTy. 

Set w = {xy- x ) m {x- x y) m . Since [(x- 1 y) m (xy- 1 ) m ] n = (x- 1 y) m w n (x~ 1 y)~ m , 
flUJ) changes to y(x' 1 y) m w n (x~ 1 y)-" 1 = ( X - 1 y) m w n (x- 1 y)- m x. By y(x^yY = 
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(yx 1 ) m y, we have {yx 1 ) m yw n (x 1 y) m = (x 1 y) m w n (x 1 y) m x. Thus, 
yw n = (xy- 1 y n (x- 1 y) m w n (x- 1 yy m x(x- 1 y) m 
= w n+1 {x~ 1 y y m x{x-~ 1 y) m 
= w n {xy- 1 ) m (x~ 1 y) m {x- 1 y)- m x(x- 1 y) m 
= w n (xy- 1 ) m x(x- 1 y) m 
= w n x. 

Set = (yx~ 1 ) m (y~ 1 x) m . Then A3 = The longitude is C — ^3/^2/^3 V2 1 = 
w^^w' 11 ^ 1 - We have 

**w-»to l = (x-'yr^yx^riy-'xrr^x-'yr 

= {x- l y)- m [{x- l yT{xy- l ) m ] n {x- l y) m 

= [(xy^nx-^rr 

= id". 

Thus £ = w?w n . □ 

To describe the Riley polynomial of K in Section [3j we prepare two sequences 
of polynomials with a single variable s. 

For non-negative integer m, let f m £ Z[s] be defined by the recursion 

(2.2) f m+2 - (s + 2)/ m+ i + f m = 

with initial conditions /o = 1 and /1 = s + f . Also, let g rn £ Z[s] be defined by the 
same recursion 

(2.3) g m+2 - (s + 2)g m +i + g m = 

with slightly different initial conditions go = 1 and g\ = s + 2. We remark that g m 
is equivalent to the Chebyshev polynomial of the second kind. 

Lemma 2.2. The closed formulas for f rn and g m are 

\ fm + i\ /m + 1 + i 

z — ' \ TO — I j — ' V TO — I 

i=0 v 7 i=0 v 

In particular, all coefficients of f m and g m are positive integers, and the degree of 
f m and g m is to. Also, f m and g m are monic. 

Proof. These easily follow from the inductive argument by using the recursive for- 
mulas. □ 

Set f- m = fm-i for to > f , and set <?_i = and g- m = —g m -2 for to > 2. Thus 
we have defined f m and g m for any integer m. In particular, the recursions (|2.2j) 
and (|2.3|) hold for all integers. 
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Lemma 2.3. For any integer m, the polynomials f m > 9m satisfy the following 
relations. 

(1) fm + ffm-l = 9m- 

(2) fm + sg m = f m +l- 

( 3 ) fm = «ro-l + 1. 

Proof. These are easily proved by induction. We prove (3) only here. Clearly, it 
holds when m — 0. Assume = sg m g m -\ + 1. From (1) and (2), 

fm+l = (fm + s 9m) 

= fm + 2s fm9,n + S 2 g 2 m 

= (sg m g m -i + 1) + 2sf m g m + s 2 g 2 n 

= (sg m g m -i + 1) + 2s(g m - g m -\)9m + s 2 g 2 a 

= (s 2 + 2s)g^ - sg m g m -i + 1 

= s((s + 2)g m - g m -i)g m + 1 

= Sffra+lflVn + L 

Similarly, f 2 n _ x = (f m - sg m -i) 2 = sg m _ig m _ 2 + 1- □ 

Lemma 2.4. // a positive real number is substituted to s, then we have the following 
inequalities. 

(1) For m > 0, sg m _i < 4/ m . 

(2) For m < 0, -ag m -\ < 4/ m _i- 

(3) for m < 0, -2s# m _i < 3/ m _i. 

Proof. (1) Since sg m _i = / m — / m -i by Lemma 12.31 this follows from 3/ m + 
f m -i > 0. (2) is equivalent to (1). (3) From sg m -\ — f m — f m -i-> it follows from 
2/™ + fm-l > 0. □ 

3. Riley polynomials 

In this section, we calculate the Riley polynomial of K. Let s and t be real 
numbers such that s > and t > 1. Let p : G — > 5L2(M) be a representation of G 
defined by 

' Vt o \ 

By [17] . p gives a non-abelian representation if s and i are a pair of solutions of 
the Riley polynomial. Recall that w = (xy~ 1 ) m (x^ 1 y) m . Let W = p(w) and Zij 
be the (i,j)-entry of W n . Then the Riley polynomial of K is given by <fijc(s,t) — 
zi t i + (1 - t)z lt2 - (See also (S].) 

Since s and f are limited to be positive real numbers in our setting, it is not 
obvious that there exist solutions for Riley's equation cj>K(s,t) — 0. However, this 
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will be verified in Proposition ^. 21 under some condition. In fact, we can choose t so 
that t > 1 and s + 2<t + l/t<s + 2 + 4/(sg^ l „ 1 ) for any s > 0. We temporarily 
assume that s and t are chosen to satisfy cf>K^s,t) = 0. See Example 13.71 when 
n = ±1. 



Proposition 3.1. For W — p(w), we have 
W 



fm S ^9m-1 /m-lflVra-l f m9 ™ 




y s fmfjrn-l stf m - \g m - 1 fm—1 fSm-1 / 

Proof. We prove by induction on to. (For the knot K(m,n), we assume to =/= 0. 
However, this proposition holds even for m — 0.) 

If to = 0, then w — 1, so W is the identity matrix. It is easy to check that the 
claim holds. 

Assume the conclusion for m. Note 

p{xy~ l ) = M ^ 1 M , pO^ 1 ?/) = 
Calculate the product 

fm ~ s ^9m—l fm—\9m—l J 

s/raffm-l ~ stf rn — ig m -i fm—1 ~ jfm-l 

By using Lemma f2.3[ each entry is identified as desired. For example, the (1, 1)- 
entry is 

(fm + s(/m + Sm-i)) 2 - st(/ m _i + g m _i + sg m -i) 2 = (/,„ + sg m ) 2 - s*(/ m _i + (s + l)s m _i) 2 

= fm+1 ~ s t(frn + <7m-l) 
= /m+1 — s ^9m- 





Similarly, 



: ) = ( 1 ,\ ] > p(v lx ) = 

\-s s + 1 / 






Then, calculating the product 

frn ~ s ^9m-l /m-lflm-1 
. S f m9rn — 1 S^fm—Xdm—l 

gives the conclusion again. □ 

Let A± € C be the eigenvalues of W. 
Lemma 3.2. A + 7^ A . 

Proof. Since detW = 1, A + A_ = 1. If A+ = A_, then A+ = A_ = ±1. Then 
trW = ±2. 

On the other hand, trW = f^+f^-sit+l/^g^ = s{s + 2-t-l/t)g? n _ 1 + 2 
by Proposition 13.11 and Lemma [2~B1 Since g m -\ ^ 0, s > and s + 2 < t + 1/t, 
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trW < 2. UtiW = -2, then s(t+l/t-s-2)gf n _ 1 = 4, so t+l/t = s+2+4/(s. 9? 2 „_ 1 ). 
But this is impossible by our choice of t, remarked before Proposition 13.11 Hence 
A +7 ^A_. □ 

Let Wi j be the (i, j)-entry of W, and let P = ( 1,2 Wl ' 2 | . 

Lemma 3.3. 101,2 7^ 0. 

Proof. Assume ioi, 2 = 0. By Proposition [3Tj 101,2 = /m-iPm-i —fm.9m.-i/t- Since 
m^O, g m _i 7^ 0. Hence / m = tf m -i- 

From the recursion (|2.2I) . tf m -\ — (s + 2)/ m _i + / m _2 = 0. Since / m -i 7^ 0, we 
have i = s+2 — fm-i/fm-i- Thus i < s + 2, contradicting our choice of t again. □ 

The next will be used in Section [5] 

Lemma 3.4. 102,1 = —stwip. Hence 102.1 7^ 0. 

Proof. This immediately follows from Proposition 13.11 and Lemma 13.31 □ 



By Lemmas 13.21 and 13.31 detP = — u>i.2(A+ — A_) 7^ 0. A direct calculation 
shows P~ 1 WP= ( A+ ° |. 

V X -J 

Set r = trW. For any positive integer k, let = r k 1 +t 3 + --- + t 3 k +r 1 . 
If A + 7^ A_, then 7^ = (A* - A* )/(A + - A_). Let t = and r_ fc = -r fe . Then a 
recursion Tk+\ — tt^ + 7fe_i = holds for any integer k. 

Lemma 3.5. For W n = p(w n ), we have 
W n = 



W\,lT n - T n -1 Wi, 2 T n 

W 2 ,lT n T n+ i - WxAT n 



Proof. When n — ±1, it is easy to see the conclusion. Let \n\ > 1. This easily 

(A™ \ 
+ P" 1 . □ 

\ n _) 

Proposition 3.6. The Riley polynomial of K is 

(f>ie(s,t) = (r n+ i - T n ) + (s + 2-t - l/t)f m -tg m -iT n . 

Proof. By [T7] (see also [5J p. 309]), the Riley polynomial is (pic[s,t) — £1,1 + (1 — 
i)^i,2, where is the (i,j)-entry of W n . From Lemma 13.51 and the recursive 
formula for , 

<pK(s,t) = (tOl,lT n - r n _i) + (1 - t)wi >2 T n 

= T n+ i - (trVF)r„ + (wis + (1 - t)wi, 2 )T n 

= (r n+ i - r„) + (i«i,i + (1 - i)ioi,2 + 1 - trpy)r n . 
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By Proposition EU tvW = f? n + f^_ x - s(t + l/t)g 2 m _ x . Thus we have 

w hl + (1 - t)w h2 + 1 - trW = (2 - t - l/i)/ m -i5m-i + 1 - + sg 2 m _ v 
Since 

i j-2 , 2 _ | 2 

1 — Jm-l i" S 9m-1 — — s 9m-l9m-2 + s 5 m -l 

= sg m _i(<7 m _i — g m -2) 

— Sfjm — lfm — li 

we obtain <Pk(s, t) = (r n+ i - r„) + (s + 2 - i - l/t)/ m _ig m _ir„. □ 

For convenience, we introduce a variable T = t+l/t. Then the Riley polynomial 
of K is expressed as </>k(s, T) = (r n+i - r„) + (s + 2 - T)f m _ig m _iT n . 

We remark that the Riley polynomial of if is also described by [T5] in a different 
form. 

Example 3.7. If n = 1, then 

0k(s, T) = (r 2 - n) + (s + 2 - r)/ m _i5 m _m 

= (trW - 1) + (s + 2 - r)/ m _ l5m _! 

= s(s + 2 - T) 5 ^_ 1 + 1 + (s + 2 - T)f m - igm -i 

= (s + 2 - T)g TO _i(sg m _i + / m -i) + 1 

= (s + 2 - T)g m _xf m + 1. 

Thus Riley's equation 4>k(s, T) = has the unique solution T = s + 2 + l/(/ m p m _i) 
for any s > 0. If m > 0, then T > s + 2 > 2, because / m > and g m _i > 0. Hence 
we have a real solution t = (T + \/T 2 — 4)/2 > 1. By Lemma r2.4f l). we also have 
s + 2<T<s + 2 + A/(sg 2 m _ l ). 

If n = — 1, then (j)x(s,T) = 1 + (T — s — 2)/ m _i<? m _i. Hence the equation 
4>k(s,T) = also has the unique solution T = s + 2 — l/(/ m -i3m-i)- If to < 0, 
then T > s + 2 > 2, so there exists a real solution £ > 1 as above. Again, 
s + 2<T <s + 2 + 4/(s 5 ^_ 1 ) by LemmadiP) • 

4. Solutions of Riley's equation 

In this section, we examine when Riley's equation 4>k(s, T) — has a pair of real 
solutions (s, T). In fact, we can choose T satisfying s + 2 + c/s < T < s + 2 + d/s, 
where c and <i are constants depending only n, for any s > 0, unless n = ±1. 

Let k be a positive integer. For z = e 10 (0 < 9 < tt), set Tk(z) — z k ~ 1 + z* -3 + 
• • • + z 3 - k + z x - k . If z ^ ±1, then Tk(z) = {z k - z- fe )/(z - z" 1 ). Define 7o = 
and T-k(z) — —Tk[z). Since Tk(z) is symmetric for z and z -1 , it can be expanded 
as a polynomial of z + z^ 1 . Furthermore, a recursive relation 

Tk+i{z) -(z + z- v )%{z)+T k -i(z) = 
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holds. Also, 7fe(l) = k and 7fe(— 1) = (— 1) fc for any integer k. 

Lemma 4.1. (1) Let k > 1. T7ien, Tit^e 31 ^ 1 ) = 7fe+i(e2*ST l ). 77ms uahte is 
positive. 

(2) Letm>2. Then, ^(e 5 ^ 1 ') = 7fe+i(e3sfr l ). This value is negative. 

Proof. (1) Let 2 = e^+r 1 . Then the fact that z 2,c+1 = — 1 immediately implies 
7fc(z) = 7fc+i(z). A direct calculation shows 

sin :£ZE 

= ^7^1 > °- 

hH1 2fe+l 

(2) Similarly, set z = e 2k + l1 . Then z 2k+1 = — 1 holds again. Hence we have 
Tk(z) = Tk+i(z), and 

sin 



Tk(z) = < 0. 

□ 

Now, fix an s > 0. We introduce a function $ : [s + 2, s + 2 + 4/(sg 2 n _ 1 )] — > K 

by 

(4.1) $(T) = (7; + i(z) - T„(z)) + (s + 2 - T)/ m _ lffm _ 1 7;(0), 

where z = (r + i-y/i - r 2 )/2 with r = s(2 + s - T)g 2 n _ 1 + 2. 

Note that -2 < r < 2. We will seek a solution T for $(T) = satisfying 
s + 2 < T < s + 2 + 4/ (sg^-J, because it gives a pair of solutions (s, T) for Riley's 
equation ^>#-(s,T) = 0. 

Proposition 4.2. Suppose n 7^ ±1. For anj/ s > 0, Riley's equation 4>k{s,T) = 
/ias a solution T satisfying s + 2 + c/(sg^ n _ 1 ) < T < s + 2 + d/(sg 2 n _ 1 ), where c 
and d are constants in (0,4) depending only on n. In particular, <j>x{s,t) — /ias 
a solution t > 1 /or any s > 0. 



Proof. Suppose n > 1. By Lemma |4.1[ 

T n+ i(e*) = T„(e^T l ), T„+i(e*) = T„(e*). 

Let c = 2 - 2 cos 75-^ and c' = 2 - 2 cos ^xt- Then c, c' € (0, 4) and c < c'. 

If T = s + 2+ c/(s ffj 2 a _ 1 ) (resp. s + 2 + c'/(s.g 2 n _ 1 ) then r = 2 - c (resp. 2 - c'). 
Thus 

S.9m-1 «5m-l 

$(s + 2 + -^) = -^iT n (e*). 
S3m-i sg m _i 

By Lemma [4.11 these values have distinct signs. We remark that $(T) is a poly- 
nomial function of T, so it is continuous. Thus if n > 1, we have a solution T 
for $(T) = 0, satisfying s + 2 + c/(s^_ x ) < T < s + 2 + c7(s.o, 2 „_ 1 ), from the 
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Intermediate- Value Theorem. Since T > 2, t+l/t = T has a real solution for t. If 
we choose t = (T + \/T 2 - 4)/2, then t > 1. 

Suppose n < —1. Set I = |n|. If Z > 2, then set d = 2 — 2cos2jzy and 
d' = 2 - 2 cos Then d, d' G (0, 4) and d < d' . As before, 

Ti-i{e^ 1 ) = Ti(e^), 7I-i (e*r*) = Ti(e^). 

by Lemma T4. II Thus 

$(, s + 2 + ^_) = ^zlnie^), 

S 9m-1 S 9m-1 

$(.s + 2 + — ) = -J^Ti(e— »). 

S 9m-1 S flm-1 

Since these values have distinct signs, we have a solution T with s + 2 + d/ {sg^ n _i) < 
T < s + 2 + d'/Csffm-i)' tf * > 2, as before. 
When Z = 2, we have 

$(.s + 2 + ^— ) = -^=1, $( a + 2 + — !— ) = -l, 



3 > _ 3f m -i 



If to > 0, then $(s + 2 + l/(s.g J 2 „_ 1 )) > 0, since f m -i,g m -i > 0. Therefore there 
exists a solution T with s + 2 + l/(sg r 2 n _i) < T < s + 2 + 2/(sg% l _ 1 ). If m < 0, 
<f>(s + 2 + 3/(sg 2 a _ 1 )) > 0, since 3/ m _i > -2s# m _i by Lemma [2~4T 3V Thus there 
exists a solution T with s + 2 + 2/{sgl l _ 1 ) <T < s + 2 + 3/(sg 2 a _ 1 ) □ 

5. Longitudes 

For s > 0, let p s : G — > S , L 2 (IR) be the representation defined by the correspon- 
dence 

t-s—l 

(5.1) p s (x) = I v " " ) , p s (y) 



For Q 




s+l-i 



r 




Q- 1 P .(x)Q = n f , Q~ 1 p s (y)Q = 



Therefore, p s is conjugate with p defined in Section [3] This implies that if s and t 
satisfy Riley's equation 4>k{s, t) = then p s gives a representation of G as well as 
p. In this section, we examine the image of the longitude C of G under p s . 

Throughout the section, let U = p s (w) and Uij be its (i, j)-entry, and let Vij be 
the entries of U n . Also, set a = , , ^ . 
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Lemma 5.1. For w™, we have p s (w") 



Proof. By a direct calculation, 



' V2,l 

Vioa v 2 ,2 



( t-l + st Sy/t \ / t-l + st S ' 

t—l—s s \ / t— 1— 5 _ gyt 



t-i 



-syft 



-l+st I ' KsVtf-" V I t-l + st 



Thus we see that the (1, 2)-entry of p s {y~ 1 x) is the (2, l)-entry of p s {xy~ l ) divided 
by a, the (2, 1) -entry of p s (y~ 1 x) is the (l,2)-entry of p s (xy^ 1 ) multiplied by er, 
and the others of p s (y~ 1 x) coincide with those of p s {xy~ 1 ). The same relation 
between entries holds for p s (x~ 1 y) and p s (yx^ 1 ). 

In general, such a relation is preserved under the matrix multiplication; 

(a b\ I p q\ I ap + br aq + bs\ 
c d I \r si \cp + dr cq + ds I ' 

(p sv« §\ = ( -p+ br 

\qcr si \ ba dl \(aq + bs)a cq + ds I 
Thus we can confirm that the same relation holds for p s (w n ) and p s (w™). □ 

Proposition 5.2. For the longitude £ of G, the matrix p s {£) is diagonal, and the 
(1, 1)- entry of p s (C) is a positive real number. 

Proof. The first assertion follows from the facts that for a meridian x, p s {x) is 
diagonal but p s {x) ^ ±7 and that x and C commute. 
Since C — w™w n , Lemma \5 . 1 1 implies that 



P s(C) = p s {w™) Ps (w n ) 



"1,1 ^\ I "1,1 "1,2 
"l,2<7 "2,2 / \ "2,1 "2,2 . 



"1,1"1,2 + 
>«1,1"1,2<7' + "2,1"2,2 "l,2 (J + "2.2 



Hence the (1, l)-entry is "x i + "| l/ ") which is positive, because s > and 
(Vt - 1/v^) 2 -s = T-s-2>0 from Proposition g^J □ 

Remark 5.3. Since p s {£) is diagonal, we also obtain an equation "i,i'Ui J 20'+U2,i"2,2 = 
0. This will be used in the proof of Lemma T5.6I 



For W = p(w), recall that Wij is its entry. 
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Lemma 5.4. For U = p s (w), 



"'j.i nl "'u \ , V* /' "'J.i 



1*1,1 = «n,i + - — -, Ul,2 = Vt 101,2 - - — -r + T — T ">2,2 



">2.1 W 2 ,l 
"2,1 = 7^, "2,2 = W2.2 



Vt' z " ^ t-r 

Proof. This immediately follows by calculating the product U — QWQ^ 1 . □ 
By Lemma 13.51 we have 



W2AT n T n+1 - WiAT n 



Lemma 5.5. For U n — p s (w n ), we have 

"1,1 = Ul,lT n - T n _i, "1,2 = Ul,2T„, 
"2,1 = «2,lT„ «2,2 = T n+ 1 - Ul,lT„. 

Proo/. Calculate the product EP* = QW^Q -1 . Thcnv M = ("Ji,i+w 2 ,i/(t-l))T„- 
t„_! = U\ iT n ~ r„_i by Lemma l5.4l For "i. 2 , we have 

"1,2 = ^ ~[j2 (ft - l) T n-l ~ ft - 1)"'1,1T„ + ft - l) 2 Wi, 2 T n 

+ (t - l)r n+ i - (t - l)ioi,iT n - io 2 ,iT n J . 

Recall that the Riley polynomial is </)k(s, t) = (">i, i) + (1 - t)wi, 2 T n . (See 

the proof of Proposition 13.61 ) Since 4>k(s, t) = 0, t„_i = u>i,it„ + (1 — t)wx^T n . 
Hence 

_Vt 

ft- 

/ f ^ 2 ((ft ~ 1 ) U ' 2 .2 _ w 2,i)r„ - (t - 1)t„_i) 



"1,2 = 



^—^ ((t - l)r„ + i - (w 2 ,i + ft - 1)wi,i)t„^ 



_Vt 
t 

Vt 



^■[{W2,2 - -j—\> Tn ~ Tn ~ X ) 



t- 1 

by using the recursion r n +i — (w% t i + W2, 2 )T n + Tn_i = 0. By Lemma [574 

t- 1 / n( w\,\ 

"2,2 = — 7=~ I 1*1,2 - Vt I Wl,2 - — J 

Substituting this and 4>K{s,t) = 0, 

"1,2 = Ml,2T n + — Tj" (">l,lT„ - Tn-1 + (1 - f)l"l,2T„) 
= t*l,2T n - 

It is straightforward to check "2,1 and "2,2- We omit them. □ 
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Let B s be the (1, l)-entry of the matrix p s (C). 
Lemma 5.6. B s = — W2,i/(mi,2c). 

Proof. As noted in Remark 15.31 fi,i«i,2<7 + "2.1^2.2 = 0. Since detU n — Ui,iU2,2 — 
"i, 2"2,i = 1, we have 

Vl,2 B s = V 1 ^12 H - 

(7 

= "l 1^1,2 H ("l,l"2,2 - 1) 

(7 

2 , "1,1/ \ "2,1 
= «i i«l,2 H (-«l,l«l,2fj 

a a 

"2,1 
(T 

Assume ui,2 = 0. Then 1*2,1 = 0. By Lemmas 15.41 and 15. 5[ «2,i = U2,it„ = 
W2,ii~n/Vt- Since 102,1 7^ by Lemma 13.41 we have r„ = 0. Recall that 4>K(s,t) = 
(i"n+i~ Tn) + (s+2 — t— l/t)f m —ig m —iT n is zero. Thus r n+ i =0. Then the recursive 
formula for implies r n _i = 0. In turn, all = 0. But this is impossible, because 
r\ = 1. Hence u 1)2 7^ 0, so _B S = —V2,i/(v 1,2c)- 

By Lemma 15.51 U12 = ui,2 T n an d i>2 1 = W2,iT n . Thus we have shown that 

B s = —"2,l/("l,20-)- □ 

Proposition 5.7. For tte longitude C, the (1, \)-entry B s of p s (C) is given as 



(5.2) S s 



fm — l ~T" ^Jw 



Proof. From Lemma 15.61 S s = —1x2,1/(^1,20"). Then Lemma 15.41 and Proposition 

/j-2 jr2 , / -t S >i 2 A (t - l) 2 + St ., ., . 

"1,2 = -j—J [frn-1 - frn + ( st ~ p9 m -l ) - ^ _ W 2 9m-l(fm - t/m-l), 

"2,1 = — ^Sm-l(/m — tfm-l)- 

For the first term of "1,2, Lemma 12.31 implies 

s 1 

fm-1 ~ fm + ~ = (fm-1 ~ /m)(/m-l + fm) + (t - ~)s0 m _l 



1. 



-Sg m -l(fm-l + frn) + (t ~ ~)sg. 



m—1 



s !h- -J. I — fm-1 ~ fm + {t — —)9m-l 

It t \ U ^\fm ~ fm — l 

sg m -i -fm-i ~ Jm + (i - -) 

£ s 

- l - st t 2 - 1 + st ^ 

— SQm—1 I . Jm . J m — 1 

st st j 
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Thus, dividing U1.2 by sg m -i/\t gives 

t ( t 2 -\-st f t 2 - 1 + at \ {t-lf+st fi 

t-l\ St U St lm - 1 ) S(t - l) 2 [Ul lm - l] - 

The coefficient of f m is t/cr, and that of f m -i is ~ 1/cr. Hence we have 

g U2,l —fm + tf m -i 

U\.2<J —fm-l+tfm 

□ 

6. Limits 

Let r = p/q be a rational number, and let K(r) denote the resulting manifold 
by r-surgery on K . In other words, K(r) is obtained by attaching a solid torus V 
to the knot exterior E(K) along their boundaries so that the loop x p C q bounds a 
meridian disk of V, where x and C are a meridian and longitude of K. 

Our representation p s : G — > SX2QR) induces a homomorphism Tti(K(r)) — > 
SX 2 (R) if and only if p s (x) p p s (C) q = I. Since both of p s (x) and p s {C) are diagonal 
(see (|5.1j) and Proposition [52]), this is equivalent to the single equation 

(6.1) A*Bl = 1, 

where A s and B s are the (1, l)-entries of p s (x) and p s {C), respectively. We remark 
that A s — \ft (> 1) is a positive real number, so is B s by Proposition 15.21 Hence 
the equation (|6.1j) is furthermore equivalent to the equation 



(6.2) - = P -. 

\0gA s q 

Let g : (0, 00) ->lbea function defined by 

logS s 



g(s) 



log A s 

We will examine the image of g. 



Lemma 6.1. (1) 



00 if ±1, 

if n = 1 , 
ifn = -1. 



lira t = I 2»»+i+V4^+T ifn=1 



2rn-l + yi-4ro 
2m 



(2) lim t = 00. 

s— >oo 

(3) lim (t - s) 

s— >oo 

(4) lim - = 1. 

s— >oo s 
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Proof. (1) If n = 1, then T = s + 2 + l/(/ m gm-i) is the unique solution for 
<Pk(s,T) = (see Example I3.7|) . From Lemma [2.21 we have lim s _ i .+o f m = 1 and 
lim s _j. + o g m —i — m. Hence lim s _s. + o T = 2 + 1/m. (Recall m > when n = 1.) 
Since t= (T + VT 2 -4)/2, lim s _». + oi = (2m + 1 + V4m + l)/(2m). 

If n = —1, then T = s + 2 — l/(/ m -i<7m-i) by Example 13.71 Recall m < when 
n = — 1. Then lim s ^+o/ m -i = 1 and lim s _>.+o 9m-i — m. Thus lim s ^+o T — 
2 - 1/m, so lim s ^ +0 t = (2m - 1 + y/l - Am) /(2m). 

Assume n ^ ±1. From Proposition 14. 21 we have s + 2 + c/(sg^ n _ 1 ) < T, where 
c is a positive constant. Hence lim s ^ + o T = lim s ^. + o t = oo. 

(2) As T > s + 2, lim s _s.oo T = lim s _>.oo t = oo. 

(3) Since s + 2 < t + 1/t < s + 2 + 4/(s.g I 2 n _ 1 ), (2) implies lim 5 _>oo(i - s) = 2. 

(4) From s + 2 <T < s + 2 + 4/(s3^_ x ) again, we have lim^oo T/s = 1, which 
implies lim,,-^ i/s = 1 □ 

Let F k = i fe_1 (-/ fc + i/fc-i) for any integer fc. 

Lemma 6.2. IfO<k< \m\, then lim^oo = 1. 

Proof. First, Fi = — /i + i/o = i — s — 1. Hence lim s ^oo Fi = 1 by Lemma [6TTT 3) . 
Let n 7^ ±1. By Proposition I4.2[ we have 

(6.3) s + 2 + 2 C <t+j < s + 2 + f , 

S 9 m -1 * S 9m-1 

where c and d are constants depending on only n. Multiplying t l fk-i to (|6.3j) 
gives 

ci fe ~7fc-i . ,fc-2. ^ / , ow ,fc-i , eft fc ~7fc-i 



(s + 2)f k _ 1 t k - 1 + J"- 1 < t k f k ^ + t k - 2 f k _! <(s + 2)/ fe _ 1 t fe - 1 + ■ , 

S 9m~l s 9m-l 

Since (s + 2)/ fc _i = f k + f k - 2 by the recursion, 

j.fc-1 r j.k-2 



s 3m-l 

;,H f i-2 f \ | ^ 1 /fc-l 

< (t Jfc-2 - I /fe-lj H 2 ■ 

S Sm-l 

Then we have 

(6.4) F fe _! + < F fc < F fc _! + 2^^. 

S 9 m -l S 9m-1 

The degree of is fc — 1, but that of gm-i is \m\ — 1. Hence Lemma [6. If 4) 
implies 



,. ^ Jfc-1 ,. «<< ,/k-l n 
lim 5 = lim 5 = U 

7771—1 ym-1 



as long as fc < |m|. Thus lim^oo F k — 1 will follow from lim^oo F k -\ = 1. 
Suppose n = 1. Riley's equation has the unique solution 

(6.5) t + - = s + 2 • ' 



t fra9 



m— 1 



1(5 
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(see Example 13. 7| . 

Multiplying t k ~ x f k -\ to (fBT5) gives 



t k h-! + i fe - 2 A-i = (s + 2)A- 1 ; fc - 1 + ** lfk -\ 

Jm9m—1 

Since (s + 2)/ fc _ 1 = / fc + / fe _ 2 , 

j.k-1 f 

,k r ife-1 r j-fe-1 -f j-fc-2 /• , 1 

t /fc-1 — t Jk = t Jk-2 — i Jfe-1 



,/m <?m — 1 

That is, F fc = F fe _i + i^/fe-i/C/mflVn-l)- Hence the fact that lim^oo F fc _ x = 1 

and lim^oo i fc_1 / '(f m g m -i) = imply Iim^oo F k = 1. 

Finally, suppose n = — 1. Riley's equation has the unique solution 

1 1 
t + - = s + 2 - 



^ fm — lQm—1 

as in Example EUl Multiplying t k ~ 1 f k -i gives F fc = F k -i - 1^ 1 f k -i / (f m -ig m -i) ■ 
Since m < 0, / m _i and <? m _i have degree \m\ and |m| — 1, respectively. Thus the fact 
that lim s ^oo F fe _i = 1 and lim s _ ! . 00 t k ~ x f k -i/ '(/m-lflm-l) = imply lim^^ F fc 
1 . again. □ 

Lemma 6.3. (1) lim B s = 1. 

(2) lim 5 s i 2m = 1. 



Proof. (1) By Proposition 15 .1\ 

~ fin H~ 



fm — l tfm 

By Lemma 12.21 lim s _> + o/m = li m s->+o/m-i = 1- Thus Lemma 16.1( 1) implies 
lim s _j. +0 B s = 1. 

(2) Let to > 0. We decompose B s t 2m as 

B s t m — t (— fm+tfm-l) 



= F m - 



fm—l ~t~ ^/n 
t m+l 



fm — l ~t~ ^/*m 

Since the degree of /& (k > 0) is k and / TO is monic, 

fm+1 

lim — — = 1. 

s - > °° —fm-l + tfm 

Then we have lim^oo B s t 2m = 1 by combined with Lemma [ 

Let to < 0. Set I = —m > 0. Recall f m = and f m -i = fi- We decompose 
B s t 2m as 

o ,2m _ -/i-l + tfl 1 _ -fl-1 + tfi J_ 

As before, 

lim — — * ^ — = 1 and lim Fi = 1. 
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Thus linis^oo B s t 2m = 1 again. □ 

Proposition 6.4. The image of g contains an open interval (0,4m) {resp. (4m, 0)) 
if m > (resp. m < 0). 

Proof. By Lemma HPH ). lim s _>+o log B s = 0. Hence 

lim g(s) = — lim — - s = — lim — - — J = 0. 

s^+ologA s s^+ologVt 

Also, we have lim s _ ! . 00 (log£? s + 2m log t) — by Lemma r6.3f 2). Thus 
lim g(s) = — lim - s = — lim — — - — - = 4m. 

s->oo' s^co\ogA s s->oo logi 

Hence the image of g contains an interval (0,4m) or (4m, 0), according as the sign 
of m. □ 

7. Proof of Theorem 

The universal covering group SL 2 (R) of 5L 2 (M) can be described as 

SL^k) = {(7,0;) | 7 6 C,|7| < l,-oo <w < oo}, 

(see [I]). Let x '■ SL 2 (M.) — > SL 2 (R.) be the covering projection. Then kerx = 
{(0, 2rmr) | m g Z} is isomorphic to Z. 

Since the knot exterior E(K) of K satisfies H 2 (E(K);Z) = 0, any p s : G — >• 
5^2 (R) lifts to a representation p : G — > SL 2 (R) ([S])- Moreover, any two lifts p 
and p' are related as follows: 

p(g) = h(g)p(g), 

where h : G — > ker x C 5*272 (R) ■ Since ker x is abelian, the homomorphism h factors 
through Hi(E(K)), so it is determined only by the value h(x) of a meridian x (see 

ED- 

Lemma 7.1. Let ,5 : G — > SL 2 (R) be a lift of p s . Then replacing p by a represen- 
tation p' — h ■ p for some h : G — > ^^(R), we can suppose that p(TT\(dE(K))) is 
contained in the subgroup (—1, 1) X {0} of SL 2 (M.). 

Proof. This is proved in [TTJ Section 7] for twist knots. Since our knot K has genus 
one, the argument works without any change. □ 

Proof of Theorem ] Suppose that m, n > 0. Let r = p/q £ (0, 4m). By Proposi- 
tion !6.4[ we can find s so that g(s) = r. Choose a lift p of p s so that p(iri(dE(K))) C 
(-1,1) x {0} (LemmaEH). Then p s (xPC q ) = 7, so x{p(x p C q )) = I. This means 
that p( X PC q ) lies in kerx = {(0,2m,7r) | m E Z}. Hence p(xP£ q ) = (0,0). Then p 
can induce a homomorphism ni(K(r)) — > SL 2 (R) with non-abelian image. Recall 
that 5^2(R) is left-orderable ([2]) and any (non-trivial) subgroup of a left-orderable 
group is left-orderable. Since K(r) is irreducible [12], iri(K(r)) is left-orderable by 
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[4| Theorem 1.1]. For r = 0, K(0) is irreducible and has positive betti number. 
Hence iri(K(0)) is left-orderable by \A, Corollary 3.4]. Thus we have shown that 
any slope in [0,4m) is left-orderable for K = K(m,n). 

If we apply this argument for K(n,m), then any slope in [0,4n) is shown to be 
left-orderable. Since K(n,m) is equivalent to the mirror image of K(m,n), any 
slope in (— 4n, 0] is left-orderable for K(m,n). Thus / = (— 4n,4m) consists of 
left-orderable slopes for K = K(m,n). 

The other cases are proved similarly. □ 
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